Starting from the operator algebra of the (1+1)D Ising model on a spatial lattice, this paper explicitly constructs a subalgebra of smooth operators that are natural candidates for continuum fields in the scaling limit. At the critical value of the transverse field, these smooth operators are analytically shown to reproduce the operator product expansions found in the Ising conformal field theory.
Introduction
A fundamental property of any quantum field theory (QFT) is the structure of its operator algebra. This subject is ubiquitous: for example, it is the basis of an axiomatic approach to QFT [1] , it provides a storied phenomenological framework for particle physics [2, 3] , it underpins the conformal bootstrap [4] [5] [6] [7] , it is studied under the guise of fusion categories in conformal and topological field theory [8, 9] , and it figures in defining various measures of entanglement [10] [11] [12] [13] .
Precisely speaking, the preceding examples pertain to continuum QFTs. Quantum theories on finite lattices are not usually associated to interesting algebraic structures. Their operators are finite matrices, and under usual matrix multiplication these form so-called type I algebras [14] . In contrast, operators of continuum QFTs are believed to form type III 1 algebras [15] , with divergent operator traces and von Neumann entropies of subalgebras.
A sharp dichotomy between lattice and continuum theories cannot exist, however. Continuum QFTs provide excellent descriptions of systems with a large but finite number of degrees of freedom, particularly when such systems are near a second-order phase transition (see e.g. [16] ). The operatoralgebraic structure of the conformal field theory (CFT) describing this transition must be encoded in the finite theory from the beginning.
It would thus be desirable to understand precisely how a continuum algebra of operators arises from a lattice one. We currently do not possess a universal method of establishing such a latticecontinuum correspondence. The state-of-the-art techniques study pairs of simple continuum and lattice theories in detail, and then manually match individual operators between them. The best studied example is the transverse field Ising model in (1 + 1)D, which can be matched to the Ising CFT at a critical value of the transverse field [17] [18] [19] [20] [21] . Finding analogous correspondences for other minimal models is already rather nontrivial; analyses of the tricritical Ising and three-state Potts models have only been performed recently [22] [23] [24] . See also [25] for a nice example in (2 + 1)D.
A direct, analytic approach to this issue was recently proposed by the present author. Starting from the usual algebra of lattice fermions in (1+1)D, Ref. [26] constructed the subalgebra generated by local lattice operators O(x) satisfying smoothness constraints of the form
with∂O(x) having entries much smaller than O(x). Such smooth lattice operators were argued to behave precisely like continuum quantum fields. As one of several nontrivial checks of this proposal, the "commutator" of two natural operations -projecting to this smooth algebra ("smoothing"), and taking a product of operators -was shown to consistently reproduce the operator product expansion (OPE) of various quantum fields in the continuum fermion QFT.
The function of this paper is to use this smoothing method to analytically derive the latticecontinuum correspondence for the (1 + 1)D Ising model. To concretely illustrate how nontrivial operator-algebraic structures arise, continuum OPEs will be reproduced directly from the smoothed lattice operators. Previous studies have extracted OPE coefficients from the critical Ising system on the lattice by solving it and then comparing various correlation functions to expressions fixed by conformal symmetry (see [21] and references therein). The present work will also rely on the solvability of the Ising model, but will not assume conformal (or any other) emergent symmetry when extracting the OPE coefficients. This will make the problem of finding noncritical OPEs transparent, and even tractable for a class of large perturbations away from the critical point. As a bonus, in all cases it will be possible to analytically establish the regime of validity of continuum QFT as a description of the lattice system.
The critical Ising model
The Hamiltonian of the critical Ising model on a ring with N sites is
with X, Y , and Z denoting the usual Pauli matrices. The Jordan-Wigner transformation maps the Ising spins to spinless Majorana fermions on 2N sites, via
The fermions obey {χ v , χ u } = 2δ vu for 1 ≤ v, u ≤ 2N . The theory (2) then becomes free,
where Q ≡ N w=1 Z w generates the Z 2 "spin-flip" symmetry of the Ising model, or the fermion number parity (−1) F in the dual fermion language. This Hamiltonian can be diagonalized in each sector of the Z 2 symmetry separately [27] . Let
The transforms of χ v satisfy {χ k , χ l } = 2δ k,−l (with δ N,−N ≡ 1) and { χ k , χ l } = 2δ k, −l−1 . Thus positive and negative momentum operators behave as complex fermions and their conjugates. By letting ψ † k ≡ 1 √ 2 χ k and ψ k ≡ 1 √ 2 χ k for k ≥ 0, the Hamiltonian can be written as
The two ground states in the R sector both have n k ≡ ψ † k ψ k = 1 for 0 < k < N , and the single ground state in the NS sector has n k = 1 for 0 ≤ k < N . The NS ground state is the true vacuum.
The algebraic perspective
The operator algebra A N of the Ising model can be generated by any choice of
Integrating out all high-momentum modes turns (6) into a theory with a linear spectrum; in terms of operators, this is done by restricting to an algebra (The choice of generating sets is immaterial in the scaling limit M 1; this paper will focus on the former set.) Note that Majorana spinors Υ α k ≡ (χ k , χ k+N ), α ∈ {+, −}, can be defined in analogy to the "staggered" Dirac fermions [28, 29] .
Smoothing out the algebra A M is achieved by projecting to its subalgebra A S M generated by
The cutoff k S M was called the "string scale" in Ref. [26] because it governs derivative expansions like eq. (1); it can also be called the "smoothness scale."
The crucial point is that this second cutoff is necessary to rigorously define the continuum limit of the lattice theory.
The occupation numbers n α k ≡ (n k , n N −k ) at k > k S generate the center of A S M . In principle, each superselection sector, labeled by eigenvalues of n α k , corresponds to a different continuum theory. The sector of greatest interest is the one that contains the ground state. For the theory (6) , this is the sector labeled by n ± k = 1 for all k > k S . The position space Majoranas that generate A M can be defined as
for 1 ≤ ξ ≤ 2(M + 1). They obey {χ ξ , χ η } = 2δ ξη and can be mapped to a new, coarser set of Ising spins via
The principal claim of this paper is that, after smoothing and some minimal processing, Z x and X x give rise to the familiar primary operators of the Ising CFT.
Smoothing out Z 2 -even operators
The smooth version of any operator O x ∈ A M will be denoted O( x), with x possibly involving several lattice coordinates. For example, the Majorana operator χ ξ from (7) at M 1 smoothes to
Note that this operator obeys the smoothness relation
Spin chain operators neutral under the global Z 2 symmetry are the simplest to smooth out. In particular, it is straightforward to express Z x = −iχ 2x−1 χ 2x in momentum space using eq. (7), and then to project onto the algebra A S M and obtain the smoothed operator Z(x). The details are given in Appendix A; the result is that Z x smoothes to the identity multiplied by Z x , namely
The smoothness condition (1) is obeyed as advertised (albeit trivially); this is ultimately because the contribution of modes above k S is independent of x. Note that the algebra generated by Z(x)
for a fixed x is very different from that generated by Z x . For instance, while one simply has Z 2
powers of the smoothed operator Z(x) n show a nontrivial change in behavior at n ∼ k S .
The operator X x X x+1 = −iχ 2x χ 2x+1 analogously smoothes to
Going beyond the leading order, note that XX(x, x + 1) is not equal to Z(x) + 1 2∂ Z(x), even though their lattice originals Z x and X x X x+1 are formally related by
2M kx and |k| ≤ k S .) This is because smooth Majorana fields χ(ξ) and χ(ξ + 1) do not necessarily differ by an O(k S /M ) amount.
The operator
captures this nontrivial distinction between X x X x+1 and Z x . Its smoothing, calculated in Appendix A, is
This operator is commonly associated with the energy density primary ε in the Ising CFT [30] .
Without exploiting conformal symmetry, the OPE encoded by ε × ε = 1 in the Ising CFT can be reproduced by studying E x and its smoothing, as shown next.
Operator product expansions
Intuitively, the OPE tells us about the short-range correlations that the lattice knows about but that the continuum operators themselves miss. Ref. [26] proposed to define the OPE of two operators
The r.h.s. may be more familiar if written as (14) can thus also be regarded as a robust definition of normal-ordering.
The OPE E x × E y is readily computed by applying the procedure in Appendix A to smooth out
Letting ε x ≡ π 2 E x and taking |x − y| 1 precisely gives the form expected from CFT, ε 
cannot be interpreted as a scaling operator in a CFT: the identity is the only scaling operator with a nonzero expectation, while the OPE Z ×Z indicates Z has scaling dimension one. This is consistent with numerics finding that Z x is best approximated as a mixture of 1, ε, and their descendants in the Ising CFT [21] .
Smoothing out Z 2 -odd operators
Spin chain operators charged under the Z 2 symmetry, such as X x , are more complicated to smooth.
In the free fermion picture, X x corresponds to the string
Even though each Majorana has a simple smoothing (9) on its own, a macroscopically large number of fermions is harder to work with. Appendix B shows that X(x), at least for x M , can be expressed as a sum of smoothed Majorana operators
with b x being O(1) coefficients that can be determined by evaluating certain Toeplitz determinants and minors. Extending this result to x ∼ M would only be possible if operators like χ(x 1 ) · · · χ(x m ), with m ∼ M , could be neglected in the smoothing. However, a quick way to see that this is not so is to consider the operator X M +1 , which simply smoothes to X(M + 1) = iQχ(2M + 2), where Q is the generator of the Z 2 symmetry. This smoothing is not compatible with a naive extrapolation from eq. (17), which means that finite-M effects will necessarily become important at x ∼ M .
A much more reliable calculation can be done to find the OPE X x × X y . For |x − y| M/k S , which is the usual regime of interest for OPEs as discussed below eq. (15), Appendix B finds
with c 0 = 0.6450 (1) . All the numerical prefactors and exponents shown above were determined numerically to three or more significant digits in the limit |x − y| 1.
It is thus possible to define
and to notice that its smoothed version S(x) behaves precisely as the spin operator σ in the Ising CFT, having a vanishing vacuum expectation and satisfying the schematic OPE σ × σ = 1 + ε.
(The operator ε was identified below eq. (15).) This is consistent with the recent numerical results identifying the lattice operator X x with the primary σ multiplied by √ c 0 ≈ 0.803 [21] .
OPEs away from the critical point
The analysis so far naturally extends to perturbations that destroy criticality. There are two classes of deformations of the critical Hamiltonian H defined in (2) .
In the first class are deformations by operators in A S M . By definition, such deformations all commute with the center of A S M , but they may change the superselection sector in which the ground state resides. For instance, the ground state of H + λ x E(x) lies in the same sector as the ground state of H, namely the one labeled by n α k = 1. On the other hand, the ground state of H + µ k n k lies in a different sector if µ is large enough. The coupling µ acts as a chemical potential in the free fermion theory. In the limit µ → ∞, the ground state has n α k = 0.
The second class of deformations involves operators outside A S M . These will generically fail to commute with n α k . If we wish to think of the structure of an operator algebra as constant in time, we will need to change the smoothing procedure. For an illuminating example, consider the lattice theory
for h = 1. This theory is still exactly solvable. It bosonizes to a massive free fermion, whose momentum modes ϕ k in the R sector are related to the fermions from eq. (6) via
for momenta 1 ≤ k < M 2 and for h-dependent Bogolyubov coefficients u k , v k [27] . The natural smoothing procedure would project to an algebraÂ S M whose sole generators above k S arê
The center of this algebra has significant overlap with the center of the original algebra A S M : operators of the form (−1) n k +n N −k belong to both centers. It is thus possible to systematically interpolate between the algebras for each momentum k separately. A generic perturbation of the microscopic Hamiltonian (2) would not be so tractable.
The change of the superselection sector, or of the center itself, typically leads to a different algebraic structure in the continuum. For instance, a theory with a large chemical potential can have n α k = 1 only for M 2 < k < M . This theory would have significantly different OPE coefficients. In particular, the methods of Appendix B can be applied to show that the OPE X x × X y still has the schematic form X × X = 1 + E as in (18) , but this time the coefficients decay as 1/2 |x−y| . The characteristic length in this exponential falloff is set by the filling factor of modes above k S . An analogous exponential decay is obtained for the model (20) in a sufficiently large external field h.
Outlook
The OPEs (15) and (18) are the main results of this paper. Their agreement with OPEs of the Ising CFT further supports the proposal of Ref. [26] that smoothed lattice operators directly correspond to the familiar continuum fields. Unlike the numerical approaches of Refs. [19, [21] [22] [23] [24] , the smoothing approach is not limited to identifying lattice versions of primaries and their immediate descendants, and instead it constructs the lattice-continuum correspondence for the entire algebra, with precision controlled at will by the "string scale" k S . Indeed, this is what allowed Ref. [26] to formulate highmomentum corrections to Abelian bosonization.
Although the methods of this paper are limited to theories of fermions, they may in principle be used to understand the lattice-continuum correspondence in any spin chain, thanks to the Jordan-Wigner transformation. The calculations in this work crucially depended on the fact that the relevant fermion theories were free, but the overall method of smoothing does not require this assumption. The methods given here can be used to calculate OPEs in any noncritical model with only smooth ("first-class") deformations away from criticality. It would be interesting to see whether less pedestrian (potentially numerical) methods can be developed to handle the smoothing of interacting lattice fermions with nonsmooth ("second-class") deformations. In particular, it is important to understand how the algebraic structure can be extracted from a smoothed algebra in which the superselection sector labels n α k change with time. Many other topics for future work were listed in Ref. [26] . One topic, however, is so immediate in its relevance that it deserves special mention here: the explicit identification of Virasoro generators as elements of A S M . All questions regarding the conformal symmetry and radial quantization form a logical unit whose analysis will be published in a separate publication.
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A Smoothing out and Wick contractions
There is a systematic way to smooth out operators of the form
The key fact is that, among the terms in which some momenta have |k i | > k S , only terms in which two χ operators combine into the identity or into n α k will survive the smoothing. Contractions of two Majoranas into the identity will always cancel out when smoothing local operators, i.e. when summing all terms of the form (23) that figure in a Fourier expansion of products of several χ ξ 's. These contractions are not interesting and will be denoted by an ellipsis (. . . ).
More interesting are terms in the sum (23) in which two χ's combine into a momentum occupation number n α k . This happens when their momenta are related by k i = −k j . When |k i | > k S in this situation, the n α k i are c-numbers. It is convenient to think of such terms as Wick contractions familiar from QFT. (Indeed, this will provide a precise understanding of the sense in which OPEs arise from integrating out high-momentum modes, as advocated in [31] : these modes are not integrated out in a Wilsonian sense, but instead they are classical variables that are summed to give OPE coefficients.) The rules for Wick contractions are
The step functions (with θ(0) = 1) are present because χ k and χ N −k for k > 0 are interpreted as creation operators. If, say, k i < 0 in the contraction of χ k i and χ k j , the resulting c-number would be 1 − n + k i = 0, and so such contractions can be disregarded. The smoothing of (23) is thus given by the sum over all possible contractions, with the proviso that all uncontracted fermions have momenta k i or k i running only between −k S and k S . The sum over momenta greater than k S is given by
If ξ i = ξ j , the sum is exactly 1/2. If |ξ i − ξ j | M/k S , the summand becomes a rapidly oscillating function, and the total sum becomes O(1/M ). The result (25) is clearly related to the position-space propagator of a free fermion. However, it is important to keep in mind that this connection is only possible because the high-momentum operators n α k ∈ A S M are quadratic in the original fields. As an example, consider the smoothing out of the operator Z x = −iχ 2x−1 χ 2x . By eq. (7), to leading order in k S /M this operator is given by
Only the first and the fourth term will have nontrivial Wick contractions; in the other two terms, it is sufficient to simply restrict the momentum sum to |k| ≤ k S . The χ k χ l term in (26) smoothes to
The first sum above will combine with the corresponding uncontracted sums from the other three terms in (26) to give a product of smoothed fermion fields. The second sum can be calculated using eq. (25), giving
The contraction in the χ k+N χ l+N term in (26) is evaluated the same way, giving −(1 − i)/π + . . . + O(k S /M ). Adding this up, the ellipsis terms cancel out, and the result is
The product χ(2x Therefore it is possible to write
as advertised in eq. (10).
When smoothing the operator E x , defined in eq. (12), all the contractions cancel. The leading nontrivial term in the result is O(k S /M ) and is given by
Recall that χ(ξ+1) = χ(ξ) even to leading order in k S /M . However, since χ(ξ+2) = χ(ξ)+O(k S /M ), it is possible to write
Finally, starting from momentum-space Majorana spinors Υ α k = (χ k , χ N +k ), it is possible to first define position-space spinors Υ α (x) and then to show that E(x) corresponds to
This is, up to normalization, the definition of the ε primary presented in Ref. [30] .
B Smoothing strings of operators
The goal of this section is to understand the smoothing of strings of fermions χ ξ 1 . . . χ ξn using the Wick contractions developed in Appendix A. The first step is to develop position-space Wick contractions. At M 1, the Fourier transform (7) can be written as
Recall that contracting two fermions really means isolating those terms in which their momenta obey k = −l. If these momentum modes come from the Fourier expansion of χ ξ χ η , there will be two possible contractions associated to coordinates ξ and η, and they can be captured by
Using the rules (24) and the sum (25), this expression can be rewritten as
This is the short-distance correlator of two free fermions, consistent with the result (10) for Z(x).
Now consider how this works for X x , given by eq. (16) . The aim is to sum over all possible Wick contractions. For small x, this is a simple task. For instance, for x = 1 there are no contractions and the result is
with χ(ξ) defined in eq. (9) . For x = 2, the sum over the two possible contractions gives
The term χ(1)χ (2) 
In general, X(x) will be a weighted sum of χ(2x − 1) for x ≤ x, with χ(1) and χ(2x − 1) having the highest weights. This is consistent with the fact that fermion fields and spin operators are not mutually local in the Ising CFT. It is remarkable that smoothing out converts the product of fields into a sum. This effect is similar to expanding a phase e iφ ≈ 1 + iφ in small fluctuations of the compact scalar φ. Smoothing leads to an analogous expansion for Ising spins and fermions, whose Z 2 target spaces would normally not support any "small" fluctuations.
Elementary methods are no longer sufficient when x log M , as the number of contractions increases factorially with x. In these situations the sum over contractions is best handled by expressing it as the determinant of a Toeplitz matrix [27, 32, 33] . While this method can be applied to calculating X(x), it will fail at x ∼ M for reasons given in the main text.
Working with Toeplitz matrices really shines when applied to calculating the OPE X x × X y , whose evaluation requires the smoothing of
The leading term in this smoothing is the sum Σ 0 over all possible sets of r ≡ y − x contractions.
It is convenient to express this sum as
where S r denotes the set of permutations of {0, 1, . . . , r − 1}, and (−1) σ is the usual sign of the permutation. (Recall that, by eq. (36), only contractions between sites of different parity are nonzero.) By further using eq. (36), assuming r M/k S , gives Σ 0 = det A, with
There exist powerful theorems to evaluate such determinants [34] , but in this case a simple numerical estimate will suffice, namely det A ≈ (−1) r c 0 r δ ,
with the limiting values δ = 0.2499(1) and c 0 = 0.6450(1) obtained for matrix sizes up to r = 3000.
This means that, to leading order, the OPE of X x fields is
It is also possible to calculate the leading terms in this OPE that are different from the identity operator. These are obtained by summing over all possible terms in eq. (40) with r − 1 contractions.
Each such term has two fermions, χ 2x+2xe and χ 2x+2xo+1 , that are left uncontracted and instead individually get smoothed. The sum over these terms can be written as
θ(x o − x e ) χ(2x + 2x e )χ(2x + 2x o + 1) det A (xe, xo) .
Here the step function has θ(0) = 1, and det A (xe, xo) is a minor of the matrix A from eq. (42). A well known fact about minors is that they can be used to build the inverse of a matrix via (A −1 ) xo, xe = (−1) xe+xo det A (xe, xo) det A .
While there exist theorems for asymptotics of Toeplitz minors (see [35] and references therein), using the inverse matrix as above allows for an efficient numerical estimation of the needed prefactors.
To leading order in k S |x − y|/M , all the fermion bilinears in (45) can be approximated as
giving
The sum is easily evaluated numerically, giving a linear function c 2 r with c 2 = −1.273(1) ≈ −4/π, calculated for values of r up to 5000. It is remarkable that this sum gives a linear function on the nose. Unfortunately, the physical origin of the prefactor 4/π is still unclear.
Putting everything together, the desired OPE can be expressed as
with the ellipses denoting terms with four and more smoothed fermions. These terms are guaranteed to be of higher order in k S |x − y|/M than the fermion bilinears shown in the formula, and they can be ignored. This gives the advertised result (18) .
